The ground-state energy of neutral helium is estimated variationally with a trial wavefunction of the form φ ∼ e −λ(r A /ao) n e −λ(r B /ao) n . This model represents a modification of traditional textbook examinations of this problem via inclusion of the power "n" as a second nonlinear variational parameter in addition to the usual effective nuclear charge λ and leads to an upper-limit on the ground state energy of -2.86107 E h (E h = 1 hartree) in comparison with the traditional (n = 1) result of -2.84766 E h . This result represents a reduction of the percentage overestimate from the true groundstate energy (-2.90373 E h ) of from 1.93 to 1.47. In comparison with the maximum accuracy obtainable from an uncorrelated trial wavefunction, -2.86168 E h , the present trial wavefunction reduces the percentage overestimate from 0.49 (n = 1) to 0.021. The optimum values of (n, λ) are determined to be ∼ (0.897, 1.825).
Introduction
A time-honored testbed problem for any analytic or numerical approximation scheme for solving the Schrödinger equation is to determine the nonrelativistic ground-state energy of neutral helium assuming infinite nuclear mass. The usual textbook scenario in this context is to illustrate use of the variational theorem by taking as a trial wavefunction a product of two hydrogenic 1s states with effective nuclear charge λ as the variational parameter: φ ∼ e −λ(r A +r B )/ao , where A and B denote the two electrons, r A and r B their distances from the nucleus, and a o the Bohr radius. The difficult part lies in computing the expectation value of the interaction energy e 2 /4πε o r AB where r AB is the interelectronic * E-mail: reed@alma.edu distance. This "1s 2 helium" calculation is, however, treated in numerous quantum physics and chemistry texts, the usual approach being to expand 1/r AB in a series of products of powers of r A and r B and spherical harmonics via the spherical-harmonic addition theorem.
The helium ground-state problem has an extensive history of which only a brief summary can be given here. From the late 1920's onwards, Egil Hyllerass and his collaborators published a series of papers exploring increasingly complex variational functions, culminating in a 1s 2 -type exponential times a 24-parameter polynomial [1] ; much of their work is summarized in Pauling and Wilson [2] and particularly in section II of Bethe and Salpeter [3] . In an oft-quoted pair of papers, Pekeris [4, 5] used parametric coordinates involving sums and differences of r A , r B , and r AB to separate the wavefunction, ultimately determining the ground state energy to an accuracy of 10 significant figures, a result which proved to be in excellent agreement with the experimental value. Goldman [6] recently developed an uncoupled correlated variational method to determine the energy to an astonishing 20 significant figures based on 8066 basis functions. The result of these efforts is a ground-state energy of -2.90373 E h . Despite its simplicity, the usual textbook calculation described above yields a very respectable -2.84766 E h (λ = 27/16), an overestimate of only 1.9 %. Such a small error indicates that the assumption of a product of pseudo-1s states must in fact be a fairly reasonable representation of the true situation.
For a student or instructor uninterested in mastering the details of more complex multivariable correlated-wavefunction methods, the traditional single-parameter 1s 2 treatment would appear to represent an end point for tractable classroom calculations. The purpose of this paper is to show how a slight modification of the 1s 2 approach can be effected to yield a two-parameter trial function that is analytically tractable and which yields an improved result.
The trial wavefunction adopted here is
where C is a normalization constant. This function is identical to the traditional choice but with the appearance of the power "n" (the second nonlinear variational parameter) in the radial dependence of the exponentials; the traditional case can be recovered by setting n = 1. While results for a number of two-parameter trial functions can be found (see Ref. [2] ) -some of which produce better ground-state energy estimates than that of Eq. (1) -such an apparently obvious modification of a product of 1s functions does not seem to have been particularly explored. Indeed, an informal survey by this author of various quantum physics and chemistry texts indicates that, with one exception, this trial functionappears not to be done as an example or set as an exercise. The lone exception is Pilar's text [7] , where the "Gaussian" case n = 2 is set as a problem. The choice of a single Gaussian function, however, actually gives a poorer estimate than n = 1 in view of the true hydrogenic wavefunctions being characterized by n = 1 exponential decays. Strictly speaking, the trial wavefunction adopted in Eq. (1) is an example of one where correlation effects are neglected, that is, it is of the 'separated' form φ ∼ ψ(r A ) ψ(r B ); the interelectronic distance r AB = | r A − r B | does not appear. It can be shown that in the case of helium the minimum variational ground-state energy obtainable with an uncorrelated trial function is -2.86168 E h [8, and references therein], only 0.49 % lower than the traditional textbook estimate but still about 1.45% high compared to the true value. We will see that inclusion of the second parameter "n" eliminates this 0.49 % for all practical purposes.
Variational calculation
Integrating the trial function of Eq. (1) over the two sets of three-dimensional electron coordinates shows that the normalization constant is given by
where Γ denotes a Gamma function. For students unfamiliar with the definition and properties of Gamma functions, Arfken [9] is a valuable reference. Now, the Hamiltonian for this situation is given by
where H o is the one-electron Hamiltonian
where Z is the nuclear charge. The integrals involved in computing the expectation value of H are tedious but straightforward, and reduce to (in units of E h )
where the kinetic (K), potential (U) and interaction (I) contributions are given by
and
where the terms of the form (x) a in the denominators within the square brackets in Eq. (8) denote Pochhammer symbols,
A discussion of Pochhammer symbols can be found on page 749 of reference 9; note that the subscript n is usually a non-negative integer. As (1) n = n!, these symbols define a kind of generalized factorial.
It is worthwhile noting in Eq. (5) that the potential and interaction energies depend in the same way on the effective charge λ, a consequence of their both being 1/r effects. Solution of the interaction-energy integral is a key point in this work, and is detailed in the Appendix.
Treating the power n as fixed and minimizing with respect to λ gives
For the traditional case with n = 1 and Z = 2, Eqs. (5) - (11) quickly reduce to the usual values E K = 2, E U = -8, E I = 5/4, λ min = 27/16, and a ground-state energy of -2.84766 E h . Figure 1 shows the run of λ min and energy as a function of n for Z = 2. Not surprisingly, the minimum energy does not occur at n = 1: rather, we find it to be -2.86107 E h at n ∼ 0.897 with λ min ∼ 1.825. We can conclude that the exponential tail of the optimized trial wavefunction decreases more slowly than that for a true 1s wavefunction and that the electrons screen each other to a lesser extent than one would infer from the traditional λ= 1.688 result. The minimum energy obtained here is about 0.365 eV lower than that for the n = 1 case, representing a reduction in the percentage overestimate of the true value of from 1.93 to 1.47. In comparison with the best minimum obtainable with an uncorrelated wavefunction the overestimate drops from 0.49 % to 0.021 %. At the minimum energy the contributions to the total energy are in the ratios E K : E U : E I = 1.42 : -6.57 : 1. While the n = 1 result for the energy is reproduced by n ∼ 0.806 with λ ∼ 1.961 it is difficult to attach much in the way of physical meaning to this as multiparameter trial wavefunctions are likely to exhibit numerous local minima.
Summary
A trial wavefunction φ ∼ e −λ(r A /a o ) n e −λ(r B /a o ) n has been used to estimate the ground-state energy of neutral helium via the variational method. This model is identical to traditional textbook presentations along these lines but for the presence of a second nonlinear variational parameter: a power "n" in the radial dependence of the 1s exponentials. This modification leads to a reduction in the estimate of the upper-limit of the ground state from -2.84766 E h (n = 1) to -2.86107 E h at n ∼ 0.897 in comparison with the true value of -2.90373 E h . The optimum effective nuclear charge λ is determined to be ∼ 1.825, considerably closer to the "physical" value of Z = 2 than what emerges from the usual one-parameter approach.
This problem along with the solution of the interaction integral outlined in the Appendix (itself an interesting exercise) can be used an example to motivate students to develop and explore their own even more involved but still tractable trial functions with two or more parameters; exponentials multiplied by suitably symmetric polynomials in r A and r B would be appropriate choices.
I am grateful to two anonymous reviewers for comments that led to improvements in this paper.
Appendix -Solution of the interaction integral
The interelectronic contribution to the system energy is given by [see Eqs. (4) and (5)]
The inverse of the interelectronic distance can be expressed via the addition theorem for spherical harmonics as
where r > (r < ) designates the greater (lesser) of r A and r B . Upon substituting this into Eq. (A1), the integrals over the spherical harmonics lead to only λ = m = 0 surviving. Breaking the integral over r A in Eq. (A1) into two regimes, one with 0 < r A < r B (for which r > = r B ) and the other with r B < r A < ∞ (for which r > = r A ), we have
Rewriting the second integral over r A as the difference between integrals from (0, ∞) and (0, r B ), we have 
With the help of integral 3.381.2(b) in Gradshteyn and Ryzhik [10] , this reduces to
where ([N+1]/n) k+1 again denotes a Pochhammer symbol as in Eqs. (8) and (9) , convergence is rapid. In the results described in the text, the sum was computed to an upper limit of k = 50.
